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A B S T R A C T

We present a new approach to the discretisation and solution of the Shallow Water Equations (SWE) based
on the finite element (FE) method. The discretisation is expressed as the convolutional layer of a neural
network whose weights are determined by integrals of the FE basis functions. The resulting system can be
solved with explicit or implicit methods. Expressing and solving discretised systems with neural networks has
several benefits, including platform-agnostic code that can run on CPUs, GPUs as well as the latest processors
optimised for AI workloads; the model is fully differentiable and suitable for performing optimisation tasks
such as data assimilation; easy integration with trained neural networks that could represent sub-grid-scale
models, surrogate models or physics-informed approaches; and speeding up the development of models due to
the available functionality in machine-learning libraries. In this paper, we investigate explicit and semi-implicit
methods, and FE discretisations of up to quartic-order elements. A variety of examples is used to demonstrate
the neural-network–based SWE solver, ranging from idealised problems with analytical solutions to laboratory
experiments, and we finish with a real-world test case based on the 2005 Carlisle flood.
1. Introduction

Hydrodynamic models employ the principles of fluid dynamics to
predict the behaviour and interaction of fluids in various environ-
mental and industrial contexts, such as marine science (Dobbelaere
et al., 2020), material science (Zeiner and Fischlschweiger, 2023)
and flood hazards (Yalcin, 2020), offering valuable insights into com-
plex fluid systems. The importance of flood modelling lies in the
desire to understand the dynamics associated with flooding events
and to formulate strategies for mitigation. In turn, this aids informed
decision-making for effective flood risk management (Spiekermann
et al., 2015). High-resolution numerical models of flood inundation
are also used in catastrophe risk models, which are widely adopted
for insurance portfolio risk assessments (Zanardo and Salinas, 2022).
In these use cases, the ability of the models to solve physical equa-
tions with high fidelity on large spatial scales and at high spatial
resolution is paramount. Hydrodynamic computational models such as
TUFLOW (Tuflow, 2023), TRITON (Triton, 2022), LISFLOOD (Shaw
et al., 2021) and InfoWorks (Innovyze, 2019) solve the two-dimensional

∗ Corresponding author.
E-mail address: boyang.chen16@imperial.ac.uk (B. Chen).

Shallow Water Equations (SWEs) typically by using the finite difference
method (Lundgren and Mattsson, 2020; Madsen et al., 2005), the
finite volume method (Kesserwani and Sharifian, 2023) or the finite
element (FE) method (Lee, 2021; Lozovskiy et al., 2017). The accuracy
and computational efficiency of these models are dependent upon
many factors, such as the complexity of the chosen equations and
the numerical techniques employed. Despite their widespread success
in flood modelling studies, the substantial computational demands of
detailed hydrodynamic models lessen their suitability for real-time
forecasts (Henonin et al., 2013) as well as extensive exploratory and
prolonged flood simulations (Wang and Geng, 2013; Löwe et al., 2017;
Jamali et al., 2020).

In recent decades, significant research effort has been directed
towards 2D models that are dedicated to the creation of numer-
ical models for unsteady shallow flows, with a particular empha-
sis on computational efficiency and achieving precision in depicting
the flow over topographic irregularities and for phenomena such as
shocks and hydraulic jumps. When dealing with hydraulic jumps or
shocks, the numerical solutions for the dry front typically exhibit
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unphysical oscillations and positional errors that tend to increase
over time (Madsen et al., 2005; Akbari and Pirzadeh, 2023). Many
successful solvers have been developed to deal with these issues such
as Riemann solvers (Minatti and Faggioli, 2023; Bernetti et al., 2008;
Kesserwani and Sharifian, 2023) and Godunov schemes (Liang and

arche, 2009; Skoula et al., 2006; LeFloch and Thanh, 2011). Another
significant focus for numerical simulations of the shallow water equa-
ions is the modelling of wetting and drying. In particular, achieving
tability and accuracy in wetting and drying scenarios remains a non-

trivial challenge for numerical modellers. In many instances, stable and
traightforward solutions are often imprecise, while accurate solutions

tend to be computationally expensive and frequently unstable (Liang
and Marche, 2009; Bunya et al., 2009; Medeiros and Hagen, 2013).
Also contributing to the computational cost of solving the SWEs is the
use of high-order elements. Miura and Skamarock (2013) compared
computational costs for modelling the transport scheme with linear
and quadratic finite-volume methods over spherical icosahedral grids
on two different devices, showing an increase in the range of 1.5 to 7
n time from linear to quadratic elements.

Using high-resolution hydrodynamic computational models for
arge simulation domains is time-consuming and requires very large
omputational resources, and is therefore regarded as impractical or
nfeasible, particularly when aiming for resolutions of less than 10 m

(Teng et al., 2017). In recent times, interest has been gathering in using
graphics processing units (GPUs) to achieve high-performance comput-
ing, also to solve SWE models. For SWEs, the performance of solution
rocesses on CPUs has been compared with that on GPUs and speed-
p factors that have been reported lie between 2 and 75 (Smith and
iang, 2013; Xia and Liang, 2016; Lacasta et al., 2015; Sharifian et al.,

2023; Buwalda et al., 2023). The drawback is that, should one wish
o run models initially coded for CPUs on GPUs, re-implementation is
equired using a GPU-specific programming framework such as CUDA
r OpenCL.

Our contribution is to develop a model capable of efficiently sim-
ulating complex flood events designed to run not only on GPUs, but
lso, on the latest energy-efficient AI processors, inspired by the idea
hat both numerical discretisations and the convolutional operations
f neural networks are discrete convolutions and therefore equiva-
ent (Zhao et al., 2020; Anderson et al., 2022; Chen et al., 2024b). By

expressing a system of discretised partial differential equations (PDEs)
as a convolutional neural network (CNN), it is possible to solve the
system and obtain the same answer (to within solver tolerances) as a
ypical Fortran or C++ code. No training is required for the CNN as the

weights are determined by the particular discretisation scheme that is
desired. This idea can be applied to finite volume, finite difference or
finite element methods and to explicit, semi-implicit or fully implicit
discretisations. Previously, Zhao et al. (2020) used a semi-implicit
cheme to model the Navier–Stokes equations (with an explicit scheme

for the velocities and an implicit description of the pressure solved
with Preconditioned Conjugate Gradient and the Jacobi method) and
un the neural-network–based solver on a GPU. Wang et al. (2022)
sed an explicit sub-iteration method to solve for the velocities and an

explicit update to solve a Poisson equation for the pressure correction,
running their code on Tensor Processing Units (TPUs). Chen et al.
(2024b) used a predictor–corrector method for time-stepping of the
velocities and a multigrid method (implemented through a U-Net archi-
tecture Olaf Ronneberger and Brox, 2015) to solve an implicit pressure
quation. Writing and solving discretised systems as neural networks
as several advantages including (1) the codes can run on CPUs, GPUs
nd AI processors with no modification to the code; (2) models are fully
ifferentiable and suitable for performing optimisation tasks such as
ata assimilation; (3) these models can be easily integrated with trained
eural networks that could represent sub-grid-scale models, surrogate
odels or physics-informed approaches; and (4) development of models

s faster due to the available functionality in machine-learning libraries.
Chen et al. (2024b), referred to as NN4PDEs, has been
he approach of

2 
extended to model multiphase flows (Chen et al., 2024a), demonstrated
on a rising bubble and a collapsing water column, for which the results
compared very well with other numerical solutions and experimental
results. The idea has also been applied to the multi-group neutron
diffusion equation (Phillips et al., 2023b) and the Boltzmann transport
equation (Phillips et al., 2023a), the latter developing a new method
to implement higher-order FE discretisations referred to as ConvFEM,
which are also used in this study. Higher-order finite elements do not
have the same stencil for each node, which complicates the application
of a convolutional FE approach. One solution would be to use multiple
channels each with their own distinct filter. By contrast, ConvFEM
employs a single set of filters by averaging FE stencils, simplifying its
implementation on structured grids. The extension of the NN4PDEs
approach to unstructured grids can be achieved with graph neural
networks, as demonstrated by Li et al. (2024) for diffusion problems.

In this study, NN4PDEs is extended to solve the SWEs with two
numerical schemes: (1) explicit (for both velocities and free surface
height); and (2) semi-implicit (explicit time-stepping for velocities
and implicit time-stepping for free surface height). Implicit schemes
can be solved through multigrid methods within the NN4PDEs frame-
work (Chen et al., 2024b), however, this is not necessary for SWEs,
s their discretisations are well conditioned. FE solutions can suffer
rom spurious oscillations in free surface height if the velocity and free
urface height variables have the basis functions of the same order.
urthermore, the advection terms in the governing equations can also
ead to spurious oscillations occurring in the velocity field. To address
his, an implicit Large Eddy Simulation (LES) scheme is employed to
tabilise the solution. Here, the LES scheme relies on a non-linear
etrov–Galerkin method to introduce diffusion into the discretised
ystem of equations, thereby enhancing both diagonal dominance and
tability (Donéa, 2003, page 50). The methodology is effective in

controlling oscillations during shocks in the free surface height and
wetting and drying scenarios. For further stabilisation, the equation
governing the free surface height is expressed as a correction to this
variable before discretising. Similar methods are used for pressure
when solving incompressible flows (Sotiropoulos and Abdallah, 1991).
 predictor–corrector scheme (Ascher and Petzold, 1998; Butcher,

2016) is employed in time, which achieves second-order accuracy.
nless otherwise stated, lumped mass matrices are used in the test
ases presented here to ensure simplicity and computational efficiency.

To validate our method, we conduct benchmark tests on three dam
break problems and we showcase the approach by simulating the
Carlisle 2005 flood event, executing the code on a GPU.

The remaining sections are as follows. Section 2 describes the
hallow water equations, their discretisation, their formulation in terms

of discrete convolutions, Petrov–Galerkin stabilisation and the overall
solution algorithm. In Section 3, we present the results obtained by
applying the method to an idealised case, a laboratory experiment and
the Carlisle 2005 flooding test case. Discussion and conclusions can be
ound in Sections 4 and 5 respectively.

2. Methodology

The conservative form of the shallow water equations is:
𝜕 𝜂
𝜕 𝑡 +

𝜕(𝜂 𝑢)
𝜕 𝑥 +

𝜕(𝜂 𝑣)
𝜕 𝑦 = 𝑠ℎ, (1)

𝜕(𝜂 𝑢)
𝜕 𝑡 + 𝜕

𝜕 𝑥 (𝜂 𝑢
2 + 1

2
𝑔 𝜂2) + 𝜕(𝜂 𝑢𝑣)

𝜕 𝑦 + 𝜎̂𝑞𝑢 = −𝑔 𝜂 𝜕 𝐵
𝜕 𝑥 , (2)

𝜕(𝜂 𝑣)
𝜕 𝑡 + 𝜕

𝜕 𝑦 (𝜂 𝑣
2 + 1

2
𝑔 𝜂2) + 𝜕(𝜂 𝑢𝑣)

𝜕 𝑥 + 𝜎̂𝑞𝑣 = −𝑔 𝜂 𝜕 𝐵
𝜕 𝑦 , (3)

in which 𝜂 is the water depth, that is, the height of the free surface
relative to the bathymetry, 𝐵. The free surface height, ℎ, is measured
from the same base level as the bathymetry, and thus the water depth
and free surface height are related through 𝜂 = ℎ − 𝐵. See Fig. 1 for a
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Fig. 1. A schematic diagram of the free surface variables. The height of the free surface as measured from the base level is given by ℎ; the depth of the bathymetry as measured
from the base level is given by 𝐵; and the water depth is given by 𝜂 = ℎ − 𝐵.
diagram illustrating these variables. The bed friction term, appearing
in Eqs. (2) and (3), is defined through 𝜎̂𝑞 = 𝐶𝑓

√

𝑢2 + 𝑣2. The friction
function is 𝐶𝑓 = 𝑔 𝑛2𝑀𝜂−1∕3, where the Manning’s roughness parameter,
𝑛𝑀 , is typically 𝑛𝑀 ∈ [0.01, 0.2] s m−1∕3. The velocity components in the
𝑥 and 𝑦 directions are 𝑢 and 𝑣 respectively, 𝑔 represents the acceleration
due to gravity and 𝑠ℎ is a source or sink of water which in this project
is the rainfall.

2.1. Discretisation in time

2.1.1. Discretisation of the continuity equation in time
The continuity equation, Eq. (1), which governs the water depth,

𝜂, is discretised in time using a central difference approximation about
𝑡𝑛+

1
2 :

ℎ𝑛+1 − ℎ𝑛

𝛥𝑡
+

𝜕(𝑢𝑛+
1
2 𝜂𝑛+

1
2 )

𝜕 𝑥 +
𝜕(𝑣𝑛+

1
2 𝜂𝑛+

1
2 )

𝜕 𝑦 = 𝑠𝑛+1ℎ , (4)

in which ℎ𝑛 is the free surface height at time level 𝑛, 𝛥𝑡 is the time step
and the source, 𝑠ℎ, is treated implicitly.

2.1.2. Discretisation of the momentum equations in time
The momentum equations (Eqs. (2) and (3) written in non-

conservative form and divided through by the water depth 𝜂) are also
discretised in time using a central difference approximation about 𝑡𝑛+

1
2

resulting in:

𝜌𝑔

(

𝒒𝑛+1 − 𝒒𝑛

𝛥𝑡
+ 𝑢𝑛+

1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑥 + 𝑣𝑛+
1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑦

)

+ 𝜎𝑛+1𝑞 𝒒𝑛+1 = −∇ℎ𝑛+ 1
2 , (5)

where 𝜌𝑔 = 1
𝑔 , 𝒒𝑛 = (𝑢𝑛 𝑣𝑛)𝑇 denotes the velocity and the bed friction

term is expressed as follows:

𝜎𝑛+1𝑞 =
𝜎̂𝑛+1𝑞

𝑔 𝜂𝑛+1 =
𝑔 𝑛2𝑀 (𝜂𝑛+1)−1∕3

√

(𝑢𝑛+1)2 + (𝑣𝑛+1)2
𝑔 𝜂𝑛+1

=
𝑛2𝑀

√

(𝑢𝑛+1)2 + (𝑣𝑛+1)2
(𝜂𝑛+1)4∕3

. (6)

In practice, the following expression is used to put a limit on how small
𝜂 can be in the denominator to avoid dividing by a number close to
zero:

𝜎𝑛+1𝑞 =
𝑛2𝑀

√

(𝑢𝑛+1)2 + (𝑣𝑛+1)2
(max{𝜖𝜂 , 𝜂𝑛+1})4∕3

, (7)

where 𝜖𝜂 is a small number (for our purposes, it is taken as 𝜖𝜂 = 10−4).
The source term from the continuity equation, 𝑠ℎ, would appear in the
non-conservative form of the momentum equations, Eq. (5). However,
3 
if the momentum equations, themselves, had a source, which had the
same velocity as the fluid, the sources would cancel. This is assumed
to be the case here.

2.2. Discretisation of the governing equations in space using convolutional
layers

2.2.1. Numerical discretisations as discrete convolutions
The matrix vector operations that occur within numerical discreti-

sations can be thought of as discrete convolutions and can therefore be
expressed as convolutional layers of a neural network. Such operations
can be evaluated by functions within machine learning libraries. A
convolutional filter or kernel, 𝐰, operating on a 2D tensor 𝜳 𝑛 can be
written as:

𝒇 (𝜳 𝑛;𝐰) ||
|

𝑖,𝑗 =
𝓁
∑

𝑖𝑖=−𝓁

𝓁
∑

𝑗 𝑗=−𝓁
w𝑖𝑖,𝑗 𝑗 𝛹 𝑛

𝑖+𝑖𝑖,𝑗+𝑗 𝑗 , (8)

where, the filter 𝐰, consisting of weights w𝑖𝑖,𝑗 𝑗 , has dimensions of 2𝓁+ 1
by 2𝓁+ 1. The tensor 𝜳 𝑛 has a of dimension 𝑁𝑥+ 2𝓁 by 𝑁𝑦+ 2𝓁 where 𝓁
represents the padding thickness. As well as describing the convolution
of a filter (𝐰) with an image whose pixel values are represented by
𝜳 𝑛, Eq. (8) could also represent a discretised differential operator with
stencil 𝐰 acting on a field represented by 𝜳 𝑛. In the case of a FE
discretisation, the padding 𝓁 depends on the order of the elements. For
linear, quadratic and cubic elements, 𝓁 is 1, 2 and 3, respectively. From
this point onwards, the function 𝒇 is used to represent the convolution
of a filter with a tensor. Fig. 2 illustrates the equivalence of a finite
element discretisation and a convolutional layer.

2.2.2. First-order derivatives
The weights of the filters are determined by integrating the products

of the basis functions
(

𝑁𝑎
)

and their derivatives in the standard way,
for example, ∫𝑉 𝑁𝑎

𝜕 𝑁𝑏
𝜕 𝑥 𝑑 𝑥𝑑 𝑦. By replacing the FE nodes 𝑎 and 𝑏 with

the corresponding node or tensor indices (𝑖, 𝑗) and
(

𝑖′, 𝑗′) respectively,
the tensor indices (𝑖, 𝑗) of this FEM matrix can be written as:

∫𝑉
𝑁𝑖,𝑗

𝜕 𝑁𝑖′ ,𝑗′

𝜕 𝑥 𝑑 𝑥𝑑 𝑦 = wx(𝑖𝑖,𝑗 𝑗) where 𝑖𝑖 = 𝑖 − 𝑖′, 𝑗 𝑗 = 𝑗 − 𝑗′ . (9)

Due to compact support, these components are only non-zero for in-
dices 𝑖𝑖 ∈ {−1, 0, 1}, 𝑗 𝑗 ∈ {−1, 0, 1} (for linear elements) and the
fact that every element is of quadrilateral shape and of the same size
(i.e., regular structured quadrilateral elements), means the stencil and
therefore these components are the same for each node. This is the
reason why they can be represented by the convolutional filter 𝐰𝐲 of
dimension 2𝓁 + 1 by 2𝓁 + 1.
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Fig. 2. A diagram illustrating the equivalence between numerical discretisations and convolutional operations in neural networks. On the left side (depicted in red) is a solution
ield 𝛹𝑖𝑗 on a 5 by 5 grid (𝑖, 𝑗 ∈ 1, 2, … , 5). Surrounding the solution field is a set of elements, often referred to as ‘ghost cells’ through which boundary conditions can be
mplemented. A 3 by 3 stencil for advection in the 𝑥 direction arising from a linear finite element discretisation (with 𝛥𝑥 = 1 = 𝛥𝑦) is indicated in blue. The stencil is applied
o the central group of elements corresponding to 𝑖, 𝑗 ∈ 2, 3, 4. The value of the discretised advection operator acting on the elements is put in the central element on the right

(𝑌33). Equivalently, the red area on the left could be thought of as an image with pixel values represented by 𝛹𝑖𝑗 surrounded by padding. Weights of a convolutional layer are
seen in blue. The result of the convolution between the central part of the image and weights is placed in the central cell of the feature map on the right section.
t

T
F
t

𝒖
t
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If Eqs. (9) are evaluated for the discretised advection operator
n the 𝑥 direction, a finite element scheme can be realised using a
onvolutional layer with a filter possessing weights 𝐰𝐱 defined by:

𝐰𝐱 =
⎛

⎜

⎜

⎝

wx(−1,−1) wx(−1,0) wx(−1,1)
wx(0,−1) wx(0,0) wx(0,1)
wx(1,−1) wx(1,0) wx(1,1)

⎞

⎟

⎟

⎠

=
𝛥𝑦
12

⎛

⎜

⎜

⎝

−1 0 1
−4 0 4
−1 0 1

⎞

⎟

⎟

⎠

, (10)

where 𝛥𝑦 is the grid spacing between the nodes in the 𝑦 direction.
imilarly, the weights corresponding to the advection operator in the

𝑦 direction discretised by linear finite elements are

𝐰𝐲 = 𝛥𝑥
12

⎛

⎜

⎜

⎝

1 4 1
0 0 0

−1 −4 −1

⎞

⎟

⎟

⎠

. (11)

The consistent, lumped mass and lumped mass inverse filters for linear
EM are:

𝐰𝐦 =
𝑚𝑙
36

⎛

⎜

⎜

⎝

1 4 1
4 16 4
1 4 1

⎞

⎟

⎟

⎠

, 𝐰𝐦𝐥 = 𝑚𝑙

⎛

⎜

⎜

⎝

0 0 0
0 1 0
0 0 0

⎞

⎟

⎟

⎠

, 𝐰−𝟏
𝐦𝐥 =

1
𝑚𝑙

⎛

⎜

⎜

⎝

0 0 0
0 1 0
0 0 0

⎞

⎟

⎟

⎠

,

(12)

where 𝑚𝑙 = 𝛥𝑥𝛥𝑦. A possible drawback of using higher order FEs
quadratic and above) is that the stencil would be different at each

node, which substantially increases the complexity of the NN4PDEs
implementation. To overcome this difficulty, a new FEM approach
has been developed called the Convolutional Finite Element Method
(ConvFEM), which has the same stencil for each node. The basic idea
in forming the ConvFEM filters is to add discretisation stencils and find
their average (Phillips et al., 2023a). A number of ConvFEM discretisa-
ions are applied in this paper: 3 × 3 linear ConvFEM/FEM filters (the
inear FEM filters are identical to the linear ConvFEM filters); 5 × 5
uadratic ConvFEM filters; 7 × 7 cubic ConvFEM filters; and 9 × 9
uartic ConvFEM filters.
 t

4 
2.2.3. Second-order derivatives
Second order derivatives appear through diffusive stabilisation

erms added to both the equations for free surface height and mo-
mentum. The magnitude of the diffusion is determined (see Eq. (A.6)
in Appendix A) from a non-linear Petrov–Galerkin method. Supposing
the solution field is 𝛹 𝑛 with diffusion a coefficient 𝑘𝑛, the diffusion
equation at 𝑡𝑛 can be written as (see the Eq. (13) in Box I):

in which we define 𝒇∇2 , where 𝐰∇2 is the filter associated with the
discretised Laplacian ∇2. Forming the diffusion as three Laplacians has
the benefit of not having to increase the size of the stencil (or filter).

2.2.4. Discretisation of the continuity equation in space
After applying the product rule to the first order derivatives in

the continuity equation, Eq. (4), the FE spatial discretisation (written
as convolutional filters that are derived in Section 2.2.1) is applied.

his produces a conservative (in 𝜂𝑛) discretised system of equations.
or stabilisation, a diffusion operator (analytically ∇ ⋅ (𝑘∇𝜂)) is added
o the right-hand side of Eq. (4) (see Appendix A for details of its

discretisation). The resulting equation can be written as follows:

𝒓
𝑛+ 1

2
𝒉 = 𝒇

(

𝒉𝑛+1 − 𝒉𝑛
𝛥𝑡

;𝐰𝐦∕𝐦𝐥

)

− 𝒇
(

𝒔𝑛+1𝒉 ;𝐰𝐦𝐥
)

+ 𝒖𝑛+
1
2 ⊙ 𝒇

(

𝜼𝑛+
1
2 ;𝐰𝐱

)

+ 𝒗𝑛+
1
2 ⊙ 𝒇

(

𝜼𝑛+
1
2 ;𝐰𝐲

)

+ 𝜼𝑛+
1
2 ⊙

(

𝒇
(

𝒖𝑛+
1
2 ;𝐰𝐱

)

+ 𝒇
(

𝒗𝑛+
1
2 ;𝐰𝐲

))

+ 𝒇∇2
(

𝜼𝑛+
1
2 ,𝒌

𝑛+ 1
2

𝜂 ;𝐰𝐏𝐆
∇2

)

, (14)

where 𝒓ℎ is the residual associated with the free surface height, 𝒉𝑛, 𝜼𝑛,
𝑛, 𝒗𝑛 and 𝒔𝑛𝒉 are tensors containing the nodal values at time level 𝑛 of
he free surface height, water depth, 𝑥 and 𝑦 components of velocity
nd source respectively. The entry-wise multiplication of tensors is
epresented by the Hadamard product, which is denoted by ⊙. The
unction 𝒇 (⋅ ; ⋅) represents a convolution of the first argument with

2.2.1.
he kernel or filter given in the second argument, see Section
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−∇ ⋅ (𝑘𝑛∇𝛹 𝑛) = −1
2
(

∇2(𝑘𝑛𝛹 𝑛) + 𝑘𝑛∇2𝛹 𝑛 − 𝛹 𝑛∇2𝑘𝑛
)

(𝐷 𝑖𝑠𝑐 𝑟𝑒𝑡𝑖𝑠𝑒𝑑 𝑖𝑛𝑡𝑖𝑚𝑒)

∼ 1
2
(

𝒇 (𝒌𝑛 ⊙ 𝜳 𝑛;𝐰∇2 ) + 𝒌𝑛 ⊙ 𝒇 (𝜳 𝑛;𝐰∇2 ) − 𝜳 𝑛 ⊙ 𝒇 (𝒌𝑛;𝐰∇2 )
)

=∶ 𝒇∇2
(𝜳 𝑛,𝒌𝑛;𝐰∇2 )

(𝐷 𝑖𝑠𝑐 𝑟𝑒𝑡𝑖𝑠𝑒𝑑 𝑖𝑛𝑠𝑝𝑎𝑐 𝑒𝑎𝑛𝑑 𝑡𝑖𝑚𝑒)
(13)

Box I.
v
d

v

k
o

f

t

s
f
w
h
a
a
i

The terms 𝐰𝐱 and 𝐰𝐲 represent the filters (whose entries make up the
weights) of the neural network that correspond to the discretisations
of the first derivative with respect to 𝑥 and 𝑦. Similarly, the terms
𝐰𝐦, 𝐰𝐦𝐥, 𝐰−1

𝐦𝐥 , and 𝐰𝐏𝐆
∇2 represent filters corresponding to coefficients

associated with the consistent mass matrix, lumped mass matrix, its
inverse and the Petrov–Galerkin diffusion applied to stabilise the free
surface height. The notation 𝐰𝐦∕𝐦𝐥 indicates that one can use either the
consistent mass filter or lumped mass filter, with the latter reducing the
accuracy in the approximation in time. See Section 2.2.1 for derivations
of the convolutional filters. Petrov–Galerkin stabilisation (Donéa, 2003)
see Appendix A) is used here to control oscillations in the free surface

height that often occur with central-difference or FEM-based discreti-
sations of the advection term. The stabilisation introduces a diffusion
erm (with diffusion coefficients 𝒌

𝑛+ 1
2

𝜂 ) and provides robustness for
emanding problems, such as those which include wetting and drying.
t can be convenient to use a linear FEM filter for 𝐰𝐏𝐆

∇2 rather than a
igher order ConvFEM filter, as the latter has a greater tendency to
ntroduce oscillations due to its use of high order FEM polynomials.
or idealised problems, the stabilisation term 𝐰𝐏𝐆

∇2 was discretised with
he same order of ConvFEM filters as the other spatial derivatives (that
s 𝐰𝐏𝐆

∇2 = 𝐰∇2 ), as the form of this term was found to have little
influence on the results. However, for the more demanding test cases,
the stabilisation term was discretised with linear elements irrespective
f the order of discretisation used for the other terms.

2.2.5. Discretisation of the momentum equations in space
The momentum equations include a term which depends on the bed

friction, Eq. (7). To discretise this term, we first need to distribute the
value of 𝜼𝑛+1 over the nodes using

𝜼̂𝑛+1 = 𝒇
(

𝜼𝑛+1;𝐰𝐦𝐥
−1𝐰𝐦

)

, (15)

where the filter 𝐰𝐦𝐥
−1𝐰𝐦 represents the product of two filters asso-

ciated with the inverse lumped mass matrix and the consistent mass
matrix respectively. Distributing the values of water depth over the
nodes in this way enables the water to move from the wet to dry
areas without being inhibited by excessive bottom drag. On discretising
Eq. (7) using the expression in Eq. (15), we obtain

𝝈𝑛+1
𝒒 = (𝒏𝑴 )2 ⊙ 𝒄𝑛+1 ⊘ (max{𝟏𝜖𝜂 , (1 − 𝛼𝜂)𝜼𝑛+1 + 𝛼𝜂 𝜼̂𝑛+1})4∕3, (16)

in which the fluid speed tensor 𝒄𝑛+1 is such that 𝑐𝑛+1𝑖,𝑗 ,𝑘 =
√

(𝑢𝑛+1𝑖,𝑗 ,𝑘)2 + (𝑣𝑛+1𝑖,𝑗 ,𝑘)2. The tensor of nodal values of the Manning coef-

icient, 𝒏𝑴 , is assumed to be constant and 𝛼𝜂 = 0.1 is a heuristically
btained parameter.

When discretising the momentum equations (Eq. (5)), we adopt a
etrov–Galerkin stabilisation similar to that used for the free surface
eight. However, for the momentum equations, the stabilisation terms
ave the same order elements as the other terms in the equations, hence
he weights are denoted by 𝐰∇2 and not 𝐰𝐏𝐆

∇2 . Mass lumping is used
or the advection, time and absorption terms. Applying the FE spatial
iscretisations through convolutional filters leads to:

𝒓
𝑛+ 1

2
𝒖 = 𝒇

(

𝜌𝑔

(

𝒖𝑛+1 − 𝒖𝑛
𝛥𝑡

)

;𝐰𝐦∕𝐦𝐥

)

+ 𝒇
(

𝝈𝑛+1
𝒒 ⊙ 𝒖𝑛+1;𝐰𝐦𝐥

)

+𝜌𝑔
(

𝒖𝑛+
1
2 ⊙ 𝒇 (𝒖𝑛+

1
2 ;𝐰𝐱) + 𝒗𝑛+

1
2 ⊙ 𝒇 (𝒖𝑛+

1
2 ;𝐰𝐲)

)

+𝒇∇2
(𝒖𝑛+

1
2 ,𝒌

𝑛+ 1
2 ;𝐰 ) + 𝒇 (𝒉𝑛+

1
2 ;𝐰 ) , (17)
𝑢 ∇2 𝐱

5 
𝒓
𝑛+ 1

2
𝒗 = 𝒇

(

𝜌𝑔

(

𝒗𝑛+1 − 𝒗𝑛
𝛥𝑡

)

;𝐰𝐦∕𝐦𝐥

)

+ 𝒇
(

𝝈𝑛+1
𝒒 ⊙ 𝒗𝑛+1;𝐰𝐦𝐥

)

+𝜌𝑔
(

𝒖𝑛+
1
2 ⊙ 𝒇 (𝒗𝑛+

1
2 ;𝐰𝐱) + 𝒗𝑛+

1
2 ⊙ 𝒇 (𝒗𝑛+

1
2 ;𝐰𝐲)

)

+𝒇∇2
(𝒗𝑛+

1
2 ,𝒌

𝑛+ 1
2

𝑣 ;𝐰∇2 ) + 𝒇 (𝒉𝑛+
1
2 ;𝐰𝐲) , (18)

where 𝒌𝑢 and 𝒌𝑣 are diffusion coefficients in 𝑥 and 𝑦 directions, respec-
tively.

The non-conservative form of the momentum equations is solved
here because: (1) this avoids having to divide through by 𝜂 after solving
for the conservative variables (𝜂 𝑢)𝑛 and (𝜂 𝑣)𝑛 in order to obtain the
elocities 𝑢𝑛 and 𝑣𝑛; (2) momentum is no longer conserved when intro-
ucing bed friction, which is often dominant; (3) of the desire to apply

numerical diffusion (from the Petrov–Galerkin method) directly to the
elocities in the discretised form of Eq. (5); (4) it is relatively straight-

forward to form numerical methods in which a motionless steady state
condition remains motionless — see the ‘‘C-property’’ (Vanzo et al.,
2016); (5) of the simplicity of the associated implementation which can
be important for computational efficiency.

2.2.6. Application of boundary conditions
The boundary conditions are applied through halo nodes (also

nown as ghost or virtual cells/nodes) that are situated at the perimeter
f the domain, using padding (see Fig. 2). This means that the dis-

cretisation scheme is the same for nodes next to the boundary as it is
or nodes within the domain, which simplifies the implementation of

the method. These halos have a width of one node for linear elements,
two nodes for quadratic ConvFEM elements, three nodes for cubic Con-
vFEM elements and so on. Dirichlet boundary conditions are applied
at the halo nodes by setting their value equal to the desired Dirichlet
boundary condition. When applying a specified normal derivative, the
value at the halo nodes is calculated by extrapolating from the nearest
node within the domain using the specified gradient. Most commonly, a
zero derivative is applied (such as when applying a symmetry boundary
condition, see Fig. 3) in which case, this simplifies to copying the
nearest nodal value within the domain to the halo nodes.

Thus, for incoming flows (inlets), we specify the values of 𝜂𝑛𝑖,𝑗 ,𝑘, 𝜂𝑛+1𝑖,𝑗 ,𝑘
at the halo nodes based on the desired Dirichlet boundary conditions
and for all other boundaries (including outlets) we apply the zero
derivative boundary condition to 𝜂𝑛𝑖,𝑗 ,𝑘, 𝜂𝑛+1𝑖,𝑗 ,𝑘. For incoming velocities,
he Dirichlet velocity components are specified at the halo nodes and

for outgoing flows, a zero normal-derivative boundary condition is
applied by copying the nodal values at the boundary to the halo nodes
for the velocity component normal to the boundary.

2.3. Solution method for the shallow water equations

This section describes the overall solution method for solving the
hallow water equations. Although these equations are highly coupled,
or computational efficiency, a segregated solution method is applied,
hich first solves for the velocity (stage 1) and second the free surface
eight (stage 2). A correction based on the continuity equation is then
pplied to the velocity (stage 3). The segregated approach fits within
 predictor–corrector method for time, so each stage is solved once
n the predictor step and as many times as required in the corrector

step(s). The effect of this procedure is to minimise the residuals defined
in Eqs. (14), (17) and (18).
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Fig. 3. Diagram showing how the values within the halo regions (shaded blue) are calculated for the linear ConvFEM and quadratic ConvFEM approaches. This example is of a
symmetry boundary on the right of the domain. Similar boundary conditions are applied for symmetry boundaries on the left of the domain, and at the top and bottom of the
domain. For outlet boundaries where one might use zero normal-to-the-boundary derivative boundary conditions for all the variables, one simply uses the symmetry boundary
conditions (as shown in these figures) but without changing the sign of the 𝑥 velocity component in the halo/padding regions.
Fig. 4. Top left: diagram of an iteration within a time step of the neural network SWE solver, highlighting the inputs and outputs (of the neural network). The first iteration
corresponds to the predictor step, the second iteration to the corrector step. Top right: key of the colours used to represent the inputs and outputs of the neural network. Bottom:
This diagram expands the diagram in the top left, indicating the three stages in the solution process: (1) solving for velocity; (2) solving for free surface height correction; (3) the
velocity correction derived from the continuity equation. (The variables in this diagram have been discretised in time only, for readability.)
Figs. 4 and 5 show schematic diagrams how the neural network
solvers are incorporated in the time integration. The top left diagram
in Fig. 4 summarises an iteration within a time step, where the inputs
are 𝒉𝑛, 𝒒𝑛 and the best guesses for 𝒉𝑛+1 and 𝒒𝑛+1, and the outputs
are improved approximations of 𝒉𝑛+1 and 𝒒𝑛+1. In the predictor step,
best guesses for 𝒉𝑛+1 and 𝒒𝑛+1 will be 𝒉𝑛 and 𝒒𝑛. In the corrector
step, best guesses for these variables will be those calculated at the
previous iteration in stage 2 (for free surface height) and stage 3 (for
velocities). The main diagram in Fig. 4 shows how stages 1, 2 and 3 are
solved within one iteration. The equations in this figure are shown as
discretised in time but not space, for readability. Fig. 5 describes how
two iterations can be linked together to form a time step made up of a
predictor and one corrector step. In the following sections, we describe
the predictor–corrector method and summarise the equations solved in
stages 1, 2 and 3. For a more detailed derivation, see Appendix B.

2.3.1. Predictor–corrector method
Having discretised the governing equations in time with a central

difference approximation about 𝑡𝑛+
1
2 , in the next sections (Section 2.2.1

and onwards), we go on to outline the spatial discretisation. The result
is a coupled system of discretised equations, the time dependence
of which will be solved with a predictor–corrector method that is
6 
second-order accurate. For more information, see Chapter 5 in Ascher
and Petzold (1998) or Section 244 in Butcher (2016). We illustrate
the predictor–corrector approach, here, applied to a single ordinary
differential equation (ODE):
𝑑 𝑦
𝑑 𝑡 = 𝑓 (𝑦)

discretise
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→

𝑦𝑛+1 − 𝑦𝑛

𝛥𝑡
= 𝑓 (𝑦𝑛+

1
2 )

where 𝑦𝑛+
1
2 ∶= 𝑦(𝑡𝑛+

1
2 ) , (19)

where 𝑦 is a function of 𝑡, 𝑓 represents the right-hand side of the
ODE, 𝛥𝑡 is the time-step size and the time levels are indicated as
superscripts. First, a prediction is made for 𝑦𝑛+1 (often written as 𝑦𝑛+1,∗)
by using the approximation 𝑦𝑛+

1
2 ≈ 𝑦𝑛 (which results in a Forward

Euler approximation for 𝑦𝑛+1,∗). For the single corrector step used
in this illustration, we approximate 𝑦𝑛+

1
2 using the trapezoidal rule

1
2

(

𝑦𝑛+1,∗ + 𝑦𝑛
)

. This can be written as follows:

Predictor step: 𝑦𝑛+1,∗ − 𝑦𝑛

𝛥𝑡
= 𝑓 (𝑦𝑛) 𝐹 𝑜𝑟𝑤𝑎𝑟𝑑 𝐸 𝑢𝑙 𝑒𝑟 ,

(20)

Corrector step: 𝑦𝑛+1 − 𝑦𝑛

𝛥𝑡
= 𝑓

( 1
2
(

𝑦𝑛+1,∗ + 𝑦𝑛
)

)

𝑇 𝑟𝑎𝑝𝑒𝑧𝑜𝑖𝑑 𝑎𝑙 𝑟𝑢𝑙 𝑒 .

(21)
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Fig. 5. Left: schematic diagram of the first iteration of a time step; right: how this and a second iteration can be brought together to form one time step. Two iterations are used
for illustrative purposes; more iterations can be used as required.
Thus, Eq. (20) is solved for 𝑦𝑛+1,∗, and Eq. (21) is solved for 𝑦𝑛+1. If
the function 𝑓 is evaluated with the most recent approximation of 𝑦,
this is known as a PECE method (Predict–Evaluate–Correct–Evaluate).
More iterations can be applied to achieve higher accuracy and greater
stability, which is denoted as PE(CE)𝑀 , where 𝑀 indicates the number
of iterations to be applied. Here, 𝑀 = 1 was found to be sufficient.

2.3.2. Stage 1: Velocity solution
To solve for velocity, we wish to reduce the residuals written in

Eqs. (17) and (18) to zero. As the future velocity and the bed friction
are the dominant terms in the residuals, we treat these terms implicitly
by forming the equations below:

𝒖𝑛+1 ← −𝒇 (𝒓
𝑛+ 1

2
𝒖 ;𝐰−1

𝑚𝑙 )⊘
(𝜌𝑔
𝛥𝑡

𝟏 + 𝝈𝑛+1
𝒒

)

+ 𝒖𝑛+1, (22)

𝒗𝑛+1 ← −𝒇 (𝒓
𝑛+ 1

2
𝒗 ;𝐰−1

𝑚𝑙 )⊘
(𝜌𝑔
𝛥𝑡

𝟏 + 𝝈𝑛+1
𝒒

)

+ 𝒗𝑛+1, (23)

where 𝟏 is a tensor, in which each entry is unity
(

that is 𝟏 | 𝑖,𝑗 ,𝑘 = 1).
Hadamard entrywise division of tensors of the same size is denoted by
⊘ and defined as follows,

𝒄̂ = 𝒂̂⊘ 𝒃̂ ⟺ 𝑐𝑖,𝑗 ,𝑘 =
𝑎̂𝑖,𝑗 ,𝑘
𝑏̂𝑖,𝑗 ,𝑘

.

Having solved for 𝒖𝑛+1 and 𝒗𝑛+1, the velocities 𝒖𝑛+
1
2 and 𝒗𝑛+

1
2 are

updated. On the right-hand side of Eqs. (22) and (23), the variables 𝒖𝑛+1
and 𝒗𝑛+1 refer to the most up-to-date approximation that is available —
for the predictor step this will be 𝒖𝑛 and 𝒗𝑛. Writing Eqs. (22) and (23)
in a residual form, enables one to use either the consistent mass matrix
(defined by the convolutional filter 𝐰𝑚) or the lumped mass matrix
(𝐰𝑚𝑙) for the time term within the residual. As, if the iteration process
converges, the residuals will have been forced to zero whichever mass
matrix is used. Choosing a diagonal lumped mass matrix has the benefit
of being easy to invert, making the iterative process efficient.

2.3.3. Stage 2: Free surface height correction
The free surface correction equation is derived by subtracting out

the velocity equation (Eq. (5)) with the previous free surface height
at time level 𝑛 and the new free surface height at time level 𝑛 + 1
that leads to the satisfaction of the continuity equation (Eq. (4)). The
divergence of the resulting momentum equation is formed to produce
the free surface height correction equation similar to Pavlidis et al.
(2016), see Appendix B for details. In continuous form, the resulting
iterative correction 𝛥ℎ to the free surface height can be determined by
solving:
(

−∇ ⋅ ∇ + 𝛽ℎ𝜌𝑔

(𝛥𝑡)2𝜂𝑛+
1
2

)

𝛥ℎ =
𝛽ℎ𝜌𝑔

𝛥𝑡𝜂𝑛+
1
2

(

ℎ𝑛+1 − ℎ𝑛

𝛥𝑡
+ ∇ ⋅ (𝒒𝑛+ 1

2 𝜂𝑛+
1
2 ) − 𝑠𝑛+1ℎ

)

,

(24)

in which all the variables on the right-hand side of this expression
use the best estimate of the variables ℎ𝑛+1, 𝒒𝑛+1. Here a parameter
𝛽ℎ = 4 has been included. If large time steps are being used and the non-
linear convergence is struggling, 𝛽ℎ can be reduced. 𝛽ℎ = 1 corresponds
to a more stable, but less accurate, backward Euler time discretisation
rather than the predictor–corrector method used here. The discretised
form of Eq. (24) is
7 
𝒇 (𝜟𝒉;𝐰∇2 ) +
𝛽ℎ𝜌𝑔
(𝛥𝑡)2

(

𝟏⊘max{𝜖𝜂𝟏, 𝜼
𝑛+ 1

2 }
)

⊙ 𝒇 (𝜟𝒉;𝐰𝐦𝐥)

= − 𝛽ℎ𝜌𝑔
𝛥𝑡

𝒓
𝑛+ 1

2
𝒉 ⊘max{𝜖𝜂𝟏, 𝜼

𝑛+ 1
2 }, (25)

in which 𝜼𝑛+
1
2 has been replaced by max{𝜖𝜂𝟏, 𝜼

𝑛+ 1
2 } in the above to

aid stability for wetting and drying occurring at small water depths.
For idealised problems, 𝜖𝜂 = 0, and for non-idealised problems, 𝜖𝜂 =
0.0001 m (0.1 mm). Eq. (25) is solved for 𝜟𝒉 using a Jacobi iteration,
which is sufficient for Courant numbers (based on the wave speed) of
less than (10), say. For larger Courant numbers, a multigrid method
could also be used to calculate the free surface height correction tensor.
See Phillips et al. (2023b) for a description of how the multigrid
method can be implemented through neural networks with the U-Net
architecture (Olaf Ronneberger and Brox, 2015). Having solved for 𝜟𝒉,
the free surface height is updated according to
𝒉𝑛+1 ← 𝒉𝑛+1 + 𝜟𝒉 .

2.3.4. Stage 3: Velocity correction
The velocity correction 𝛥𝒒 is then calculated, which, in continuous

form, is given by

𝛥𝒒 = − 𝛥𝑡
2𝜌𝑔

∇𝛥ℎ . (26)

In discretised form, this becomes

𝜟𝒖 = − 𝛥𝑡
2𝜌𝑔

(

𝒇
(

𝒇 (𝜟𝒉;𝐰𝐱);𝐰−1
𝐦𝐥
))

, 𝜟𝒗 = − 𝛥𝑡
2𝜌𝑔

(

𝒇
(

𝒇 (𝜟𝒉;𝐰𝐲);𝐰−1
𝐦𝐥
))

.

(27)

Once 𝜟𝒖 and 𝜟𝒗 are obtained, the tensors representing the discrete
velocity components can be updated:

𝒖𝑛+1 ← 𝒖𝑛+1 + 𝜟𝒖, 𝒗𝑛+1 ← 𝒗𝑛+1 + 𝜟𝒗. (28)

3. Results

In this section, the NN4PDEs approach is validated against a number
of benchmark problems: a circular dam break, a dam break over a
triangular-shaped hill and the propagation of flood water across a flood-
plain. In addition, the 2005 flooding of Carlisle city centre is simulated
using NN4PDEs, and the results are validated against observation data
and other numerical results. All the models presented here were run on
two types of single GPU: NVIDIA A10 Tensor Core GPU and NVIDIA
RTX A100. The details of the simulations and the GPU the simulations
are run on are summarised in Table 1.

3.1. Circular-shaped dam break problem

A circular-shaped dam break test (Fernández-Pato et al., 2018) is
considered in this section in order to test the accuracy of our NN4PDEs
approach for solving the shallow water equations. An analytical so-
lution exists for this problem obtained from the linearised form of
the SWEs, with which we compare the performance of a number
of computational models generated with NN4PDEs, including varying
spatial resolution, varying the Courant number, varying the order of FE
discretisation, semi-implicit and explicit solvers, and consistent mass
and mass lumping. The dimensions of the computational domain are
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Table 1
Summary of benchmark problems solved by NN4PDEs. L, linear ConvFEM; Q, quadratic ConvFEM; C, cubic ConvFEM; Qt, quartic ConvFEM.

Case Description GPU Dimension (m) Source Discretisation Grid spacing (m) Figures

1 Circular dam break (Fernández-Pato et al.,
2018)

A10 200 × 200 No L, Q, C, Qt 0.4−6.25 Figs. 6–12

2 Triangular hill dam break (Liang and
Marche, 2009)

A10 38 × 9 No L 0.04−0.16 Figs. 13, 14

3 Floodplain flooding (Shaw et al., 2021;
Néelz and Pender, 2013)

A10 2000 × 2000 Yes L, Q 5.0 Figs. 16, 17

4 Carlisle flooding (Kesserwani and Sharifian,
2023; Morales-Hernández et al., 2021)

A100 4700 × 3100 Yes L, Q 5.0 Figs. 18–22
Fig. 6. Free surface height predicted by NN4PDEs at 𝑡 = 12 s. The first row compares different mesh resolutions for a Courant number of 1 and the second row compares predictions
from different Courant numbers (‘‘CFL’’) at a resolution of 1282.
200 m × 200 m in the 𝑥 and 𝑦 directions. Initially, the water is at rest
with a depth of

𝜂(𝑥, 𝑦, 𝑡 = 0) =
{

4 if 𝑟 =
√

𝑥2 + 𝑦2 ⩽ 100 m;
1 otherwise .

(29)

Symmetry boundary conditions are applied on all four boundaries, al-
though the wave information does not reach the right or top boundaries
during the simulation. The Courant number is measured assuming a
speed of wave propagation of

√

4𝑔 in which 4 is the maximum depth.
Fig. 6 illustrates the 2D numerical prediction of free surface height
using NN4PDEs with a linear ConvFEM discretisation at 𝑡 = 12 s. A
comparison of five different mesh resolutions for a Courant number of 1
shows that grid effects are apparent for grid sizes of 322 and 642, and
smooth results are obtained for resolutions of 1282 (third plot in bottom
row), 2562 and 5122. In the following discussion, we use 1282 as this is
the lowest resolution for which we obtain smooth results. We also vary
the Courant number for a mesh resolution of 1282, demonstrating the
robustness of the solver. As can be seen, the radial symmetry reduces
slightly for higher Courant numbers.

Fig. 7 compares numerical results from NN4PDEs with the analytical
solution at 𝑡 = 12 s along (𝑦 = 𝑥). Results for free surface height
obtained using four different Courant numbers (0.25, 0.5, 1.0 and 5.0)
and a mesh resolution of 1282 are presented in Fig. 7(a). A slight
overshoot in surface height can be seen at the end of the wave in
the case with a Courant number of 5. Fig. 7(b) shows the free surface
8 
height for five different mesh resolutions (from 322 to 5122) and the
Courant number of 1. The results demonstrate good agreement with
the analytical solution in all cases. The comparison reveals that coarser
grid sizes (322 and 642) lead to minor deviations at 𝑟 = 100 m and
𝑟 = 150 m in which 𝑟 is measured from the origin (bottom left corner of
the domain) along 𝑦 = 𝑥. The discrepancy at 𝑟 = 0 in Fig. 7(b) has
been reported by others, for example, Fernández-Pato et al. (2018),
who mention the diffusion of the numerical solution as a possible cause.

The comparison in Fig. 8 illustrates the performance of four dif-
ferent orders of ConvFEM discretisations (linear, quadratic, cubic and
quartic). (The filters can be formed from code in the GitHub repository
of Phillips (2022) for any grid spacing.) Two mesh resolutions are
considered and the Courant number is set to a small value (0.1) in
order to reduce the inaccuracies associated with the time truncation
of the scheme. The solid lines correspond to the coarser resolution
(32 × 32 nodes), whilst the dashed lines represent the finer resolution
(128 × 128 nodes). The initial distribution has a depth of water given
by Eq. (29) and solution values are extracted along (𝑦 = 𝑥). All four
ConvFEM approaches demonstrate close agreement with the analytical
solution. Notably, the coarser mesh resolution reveals more pronounced
differences among the models compared to the finer mesh resolution,
particularly in terms of oscillations in free surface height at 𝑟 = 100 m
and 𝑟 = 150 m. On the coarser meshes, the higher-order ConvFEM
results seem closer to the analytical and finer grid solutions. The same
trend is observed for the higher spatial resolution results shown on the
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Fig. 7. Comparison of free surface height predicted by NN4PDEs with the analytical solution taken at 𝑡 = 12 s. Various Courant numbers and grid spacings are investigated.
Fig. 8. Comparison of analytical solution with numerical results from NN4PDEs for different orders of ConvFEM discretisation and two different mesh resolutions at 𝑡 = 12 s. Shown
here is the free surface height for linear, quadratic, cubic and quartic ConvFEM discretisations with resolutions of 322 and 1282 for a Courant number of 0.1.
same plot, with the possible exception of the quartic ConvFEM results.
This might be because the results of higher-order FE methods are
more susceptible to oscillations, so the magnitude of artificial diffusion
applied through the Petrov–Galerkin stabilisation scheme could be
adjusted to overcome this issue. Fig. 9 shows the spatial distribution of
free surface height represented in both 2D and 3D at 𝑡 = 12 s for linear,
quadratic, cubic and quartic elements. Especially in the 3D plots, one
can see a reduced radial symmetry for the linear ConvFEM results as
compared to the higher-order ConvFEM results. This is simply because
the lower-order ConvFEM is less accurate and more prone to produce
less accurate results by coarsening the mesh size, see Fig. 7(b). The
oscillations observed at the shock front are present in results from all
orders of ConvFEM discretisation but tend to increase with the order of
ConvFEM. Quadratic, cubic and quartic elements show a more accurate
solution near to 𝑟 = 100 m (i.e. show more radial symmetry). These
results suggest the use of quadratic ConvFEM as a compromise between
accuracy and smoothness.

In Fig. 10, a comparison of the explicit and semi-implicit solvers
is presented using two schemes, focusing on the sensitivity of the
numerical predictions to the number of Jacobi iterations used for the
correction step of the free surface height. The first scheme is fully
explicit, solving for both the free surface height and velocity explicitly.
The second scheme is semi-implicit, solving for the free surface height
implicitly and the velocity explicitly. All results are obtained from a
linear ConvFEM model shown at 𝑡 = 12 s and are compared with the
analytical solution (indicated by black circles). A mesh resolution of
1282 is employed, and four Courant numbers are tested: 0.25, 0.5, 1.0
and 5.0. For Courant numbers 0.25, 0.5 and 1.0, both the explicit and
9 
semi-implicit schemes yield similar results, with little change observed
upon increasing the number of Jacobi iterations used to solve for the
free surface height, see Eq. (25). However, when the Courant number
is increased to 5, the explicit time-stepping scheme struggles with
stability, particular behind the wave front (at 𝑟 = 100 m). In contrast,
the semi-implicit time-stepping scheme maintains robustness, showing
its ability to generate stable numerical predictions even for larger
Courant numbers. The iterative Jacobi method also seems to converge
after about 10 iterations for a Courant number of 1 or above.

Fig. 11 presents the results for the circular dam break case at 𝑡 =
12 s, comparing mass lumping and consistent mass matrix approaches
to the treatment of the time terms. The use of the consistent mass
matrix takes into account the actual distribution of mass within the
element, leading to a more accurate representation of the system’s in-
ertia properties. On the other hand, the lumped mass matrix simplifies
the mass distribution by concentrating the mass at the nodes of the
finite element mesh. This results in a diagonal mass matrix which is
easier and more efficient to compute and invert. Five different mesh
resolutions (322, 642, 1282, 2562, 5122) are tested using linear and
quadratic ConvFEM models, with the Courant number set to 0.1. In
line with the observations made in relation to Fig. 8, finer meshes
consistently yield better predictions for each ConvFEM model. Inter-
estingly, when employing quadratic schemes, the differences between
lumped and consistent mass results are less pronounced, unlike the
linear scheme which exhibits slightly more sensitivity to mass lumping.
Root mean square errors (RMSE) are given in Table 2 for the results
shown in Fig. 11. The free surface height is averaged over the range
𝑟 ∈ [120, 200] at the time 𝑡 = 12 s. The RMSE values decrease and then
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Fig. 9. Prediction of free surface height by NN4PDEs for different orders of ConvFEM at 𝑡 = 12 s, a Courant number of 0.1 and a resolution of 1282. The top row displays 2D
contour plots of free surface height, and the bottom row shows 3D surface plots of the free surface height.
Fig. 10. Comparison of numerical results from NN4PDEs with the analytical solution for the circular dam break case at 𝑡 = 12 s. Results are shown for an explicit scheme and a
semi-implicit scheme (with different numbers of Jacobi iterations). The results are obtained by the Linear ConvFEM approach and with a mesh resolution of 1282.
increase slightly as the grid spacing decreases. This is because with a
smaller grid size, the curve matches the analytical solution better apart
from at the water front where the discontinuity is. For this problem,
there is very little difference in accuracy between using mass lumping
and consistent mass formulations, there is also very little difference
10 
between solutions obtained with the linear and quadratic ConvFEM.
This might be because of the dominance of water front (the shock
wave), in the presence of which, second-order accuracy is expected to
reduce to first-order accuracy in space.
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Fig. 11. Comparison of lumped and consistent mass results for the circular dam break case at 𝑡 = 12 s with different mesh resolution (322, 642, 1282, 2562, 5122) by using two
ConvFEM schemes. The results are obtained for a Courant number of 0.1.
Table 2
The RMSE values (deviation of the solutions from the analytical solution graphs shown
in Fig. 10) of the simulations of the circular dam break problem shown in Fig. 11
calculated at 𝑡 = 12 s for 𝑟 ∈ [120 m, 200 m] and using a Courant number of 0.1.

Mass term 322 642 1282 2562 5122

Linear ConvFEM Consistent 0.0436 0.0113 0.0186 0.0210 0.0228
Lumped 0.0438 0.0119 0.0180 0.0202 0.0219

Quadratic ConvFEM Consistent 0.0424 0.0097 0.0196 0.0222 0.0241
Lumped 0.0427 0.0099 0.0195 0.0222 0.0240

Additionally, Fig. 12 investigates mass conservation for a quadratic
ConvFEM discretisation for three different mesh resolutions with mass
lumping. It illustrates the time evolution of normalised mass concentra-
tion from 𝑡 = 0 s to 𝑡 = 12 s. The quantity ℎ̄𝑛∕ℎ̄0 represents normalised
free surface height integrated over the domain, where ℎ̄𝑛 denotes the
integrated free surface height over the volume, ℎ̄𝑛 = ∫𝑉 ℎ𝑛𝑑 𝑉 , and
ℎ̄0 denotes the initial value of the integral. Values close to 1 indicate
that the solver effectively conserves mass and that the mesh resolution
does not affect conservation. Fig. 12 shows a small increase in mass of
5 × 10−5 as the simulation progresses. This small error in mass may result
from round-off errors or the tolerance used in the Jacobi iteration.
We note that the formulation is mass-conserving if one exactly solves
the wave equation for free surface height, Eq. (25). Otherwise, if the
wave equation is only approximately solved through a fixed number of
iterations, mass will only be conserved approximately. Our experience
suggests that even using a small number of Jacobi iterations (e.g., 1 to
10) is sufficient for accurate mass conservation.

3.2. Laboratory-scale dam break over a triangular-shaped hill

The domain consists of a channel 38 m long which contains a
triangular-shaped hill (see Fig. 13(a)). The corresponding physical
experiments are detailed in Liang and Marche (2009), see in particular
Figure 10 of Liang and Marche (2009), and are modelled here in a 2D
square domain measuring 38 m by 9 m, but with symmetry boundary
conditions in the 𝑦 direction so as to emulate a 1D model. The results
are collected along the line given by 𝑦 = 4.5 m. A symmetry boundary
condition is also used at the left-hand side boundary and an open
boundary condition (zero derivative of all fields) is used on the right-
hand side boundary. Linear ConvFEM is used in the simulations along
with a Manning coefficient of 𝑛𝑀 = 0.0125 s m−1∕3. The width of the
initial column of water is 15.5 m and its height is 0.75 m as shown
in Fig. 13(a). The water column collapses due to gravity. The free
surface height ℎ is measured at the gauges also shown in Fig. 13(a).
11 
Time histories of the experimental results and the simulation results
are shown at these gauges in Fig. 13(b)–(h). We note the close match
between the experiments and the simulations for all three different
grid spacings of 𝛥𝑥 = 0.16 m, 𝛥𝑥 = 0.08 m and 𝛥𝑥 = 0.04 m. The
spatial distribution of water at various time levels is shown in Fig. 14
along with the water velocity shown in Fig. 15. The plots show a wave
propagating towards the triangular-shaped hill. Some of the water is
then recedes back down the hill leading to a sloshing motion. Some of
the water spills over the hill, wetting the far side of the hill initially, but,
as water falls under gravity, the hill becomes dry again. This problem
tests the wetting and drying, and the front modelling capabilities of
the proposed NN4PDEs model. In this figure, one can observe that the
predictions of NN4PDEs for free surface height are similar to the values
measured in the experiment.

3.3. Propagation of flood water across a floodplain

This scenario mimics the failure of an embankment through breach-
ing or overtopping, also modelled computationally by Néelz and Pender
(2013). The simulation has a wide and level floodplain measuring
2000 m by 2000 m, with a source of water uniformly placed in the centre
of the domain and spanning 20 m by 20 m. The peak flow is 20 m3 s−1

and approximately 5 h of real time is simulated. The grid spacing is 5 m
and the Manning coefficient is 𝑛𝑀 = 0.05 s m−1∕3. For the first 5 min,
the flow rate is set to zero. For the next 55 min it increases linearly
up to a value of 20 m3 s−1. It remains constant at 20 m3 s−1 for 180 min
and then decreases linearly to zero over 60 min. The primary aim of
modelling this test case is to evaluate the capability of NN4PDEs to
simulate the speed of flood wave propagation and make predictions
about transient velocities and water depths with substantial wetting.
This evaluation is particularly relevant for the modelling of fluvial and
coastal inundation that arises from embankment breaches. The right-
hand half of the domain is shown in Fig. 16 indicating in (a) the
location of sensors 1, 3, 5 and 6 (taken from Shaw et al. (2021)) as
well as our results at two-time levels. The spatial variation after one
hour agrees well with that of Shaw et al. (2021) as can be seen by
comparing plots (a) and (b) of Fig. 17. The results are also shown at a
time of 3 h into the simulation. Fig. 17 presents the speed of the flow
and the water depth at the four sensor points, and one can see that there
is a close match between NN4PDEs results (red and blue lines represent
linear and quadratic ConvFEM models) and the discontinuous Galerkin
(DG) results (black lines) of Shaw et al. (2021) helping to validate the
NN4PDEs approach.
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Fig. 12. Time history of the normalised mass concentration on the interval 0 ⩽ 𝑡 ⩽ 12 with different mesh resolutions (1282, 2562, 5122). The results are obtained with a Courant
number of 0.1 and with mass lumping.
3.4. Flooding in Carlisle

The Carlisle 2005 flood event was a significant natural disaster that
occurred in early January 2005 in Carlisle, Cumbria, England. This
catastrophic flood was the result of a combination of prolonged heavy
rainfall and saturated ground conditions, exacerbated by the conflu-
ence of the Rivers Eden, Petteril, and Caldew. The intense weather
conditions led to the rivers breaching their banks, causing widespread
flooding across the city. The impacts of the flood were severe, with
thousands of homes and businesses inundated, major disruptions to
transportation and infrastructure, and extensive damage to properties.
The event also resulted in tragic loss of life and highlighted the need
for improved flood defence mechanisms in the region.

In this section, we simulate the evolution of a city-scale flood
originating from multiple river inflows. This problem was investigated
by Kesserwani and Sharifian (2023) who provided detailed information
about the problem setup and compared results from several computa-
tional models. To validate NN4PDEs, we will use in-situ water depth
measurements given in Kesserwani and Sharifian (2023) that were
collected at the three gauges during the flood. Morales-Hernández
et al. (2021) have obtained numerical results for this test case using
TRITON, with which we shall also compare our results. The computa-
tional domain has 951 nodes and 611 nodes in the 𝑥 and 𝑦 directions
respectively over a domain of 4.75 k m by 3.05 k m (the same as that
used by Morales-Hernández et al. (2021) in their TRITON model). A
uniform grid spacing of 5 m has been used with a time-step size of
0.5 s. The Manning coefficient 𝑛𝑀 is set to 0.055 s m−1∕3. The study
area, illustrated in Fig. 18, spans approximately 14.5 k m2 within the
city of Carlisle. Over three days, flooding is initiated by three inflow
hydrographs at the upstream points of the Rivers Eden, Petteril and
Caldew (Figs. 18(a) and 18(b)), with a maximum flow rate of just over
1200 m3∕s (as shown in Fig. 18(c)). The unit of 𝑠ℎ in Eq. (1) is m∕s and
in order to use the flow rate values from Fig. 18(c) in the calculations, it
should be multiplied by the area in which the source is applied, which
in this case is 25 m2 for each cell with a source in it. The River Eden
is approximately 11 cells wide, while the Rivers Caldew and Petteril
are both 6 cells wide. The time history of water depth is recorded
at 15 sampling points, including at the three gauges at Sheepmount,
Botcherby Bridge and Denton Holme.

The results obtained from the NN4PDEs solver exhibit good agree-
ment with the observed values. Fig. 19 shows time histories from
NN4PDEs measured at 15 sampling points during the flood simulation
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and compares these with predictions from the open source 2D hydro-
dynamics flood model, TRITON, obtained by Kesserwani and Sharifian
(2023). Three of the sampling points coincide with the three gauges
at which we have observational data, and this is also included in
the plots where available. Very good agreement is demonstrated with
this observed data. At certain sampling points, disparities between the
results of NN4PDEs and the TRITON results can be seen. The largest
differences are between the quadratic ConvFEM and TRITON, occurring
at the bus depot and at the Substation, see Fig. 19. We attribute these
differences partly to the fact that the there is a grid resolution issue
associated with the bathymetry, so the location of the sampling points
may not be precise. This assertion can be substantiated by the fact that
for some points, there is a good match at sampling points where the
surrounding topography does not vary very much, such as Sheepmount,
Botcherby Bridge and Denton Holme. However, for other points with
highly heterogeneous surrounding topography, even slight discrepan-
cies in the location of the sampling points can significantly impact
the output (for example, near buildings). However, if one compares
the spatial distribution of the linear and quadratic ConvFEM results
flooding depths near these two points (Fig. 20), they appear to be
almost identical. This is further investigated in Appendix C. Comparing
spatial distributions of NN4PDEs with results from TRITON, RMSEs for
linear and quadratic ConvFEM at Sheepmount are 0.785 and 0.679; at
Botcherby bridge are 0.406 and 0.208; and at Denton Holme are 0.278
and 0.56. These three locations were selected because real flood event
measurements are available at these points, enabling a meaningful
comparison. The range of values exhibited by NN4PDEs, shown in the
plots of Fig. 19, are consistent with those appearing in Kesserwani
and Sharifian (2023) where results are presented from a wide range
of different computational models. Kesserwani and Sharifian (2023)
present observation results at only three of the gauges, located at
Sheepmount, Botcherby Bridge and Denton Hulme, and for these loca-
tions, our results are similar to the TRITON results. Another potential
source of discrepancy for our results is the water mass volume rate,
which can only be estimated (see Fig. 18(c)).

The spatial variation of the water depth during the flooding event
is shown at various time levels in Fig. 20 along with the speed of the
water in Fig. 21 and in two focused regions at 42 h into the flood
event in Fig. 22. Notice in the latter, there are small differences in
which regions are flooded and which are not, comparing the linear and
quadratic discretisations. However, generally speaking, both linear and
quadratic ConvFEM approaches produce similar results. The simulation
results also reveal that the maximum flooded area was 6.14 k m2 out of
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Fig. 13. Comparison of time histories of the predictions obtained from NN4PDEs with experimental measurements for the dam break over a triangular-shaped hill. Three different
mesh resolutions (0.16 m, 0.08 m and 0.04 m) are used.
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Fig. 14. Snapshots of water surface in the dam break over a triangular-shaped hill along the middle plane in the 𝑦 direction from 𝑡 = 3 s to 𝑡 = 66 s in 9 s intervals.
14.5 k m2, occurring after 48 h, which constitutes 42.3% of the total area
and approximately affected 1600 buildings.

3.5. Computational speed of NN4PDEs

The computational speed of NN4PDEs can be approximated by
hypothesising that the computational time will be proportional to the
14 
number of FE nodes and also proportional to the product of the number
of nodes and the number of Jacobi iterations for the free surface height.
To obtain the total time for a simulation, we multiply by the number
of time levels and number of iterations within a time step. This can be
written as

simulation duration = (1.3)p−1 
(

𝑀𝑠 + 𝐽 𝐹𝑠
)

(30)
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Fig. 15. Snapshots of the water velocity in the dam break over a triangular-shaped hill along the middle plane in the 𝑦 direction from 𝑡 = 3 s to 𝑡 = 66 s in 9 s intervals.
in which p is the polynomial order (p = 1 refers to linear and p = 2
refers to quadratic),  is the number of iterations within a time step
(the default is  = 2 unless otherwise stated and is able to produce
a second order in time scheme),  is the number of time steps,  =
𝑁𝑥×𝑁𝑦 is the number of FE nodes, 𝐽 is the number of Jacobi iterations
used for the free surface height, and 𝑀𝑠 and 𝐹𝑠 are the two constants of
proportionality which depend on the computer being used. Here we use
a NVIDIA A100 Tensor Core GPU and in which case 𝑀𝑠 = 2.76 × 10−9 s
and 𝐹𝑠 = 0.92 × 10−10 s. These numbers have been obtained by running
two simulations of Carlisle flooding test case, (first with 𝐽 = 1 and
 = 1000, and second with 𝐽 = 10 and  = 1000) and then solving the
resulting simultaneous equations for 𝑀𝑠 and 𝐹𝑠. The Carlisle flooding
15 
test case shown in Fig. 19 was run for a period of 68 h with a time
step of 0.8 s ( = 306 000) and  = 951 × 611 = 581 061 FE nodes
with quadratic elements (p = 2),  = 2 iterations within the time
step and 𝐽 = 1 Jacobi iteration (for free surface height). In this case,
Eq. (30) predicts a time of 24.02 mins and the actual simulation time
was 21.28 mins. For the case where only one iteration was used within
the time step ( = 1), Eq. (30) predicts a time of 12.01 mins and
the actual simulation time was 10.64 mins. For comparison purposes the
finite-volume TRITON code takes 7 mins for the same problem, albeit a
different discretisation.
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Fig. 16. Semi-circular flood water depth after one hour and three hours. The position of the gauges is shown in (a) and (b).
Fig. 17. Predictions of water depth and velocity speed at gauge points 1, 3, 5 and 6 using NN4PDEs with linear and quadratic discretisations. The two numerical solutions often
overlay one another. The positions of the gauges are shown in Fig. 16. Results obtained by Néelz and Pender (2013) using LISFLOOD are shown for comparison.
4. Discussion

Implicit methods are particularly useful in situations where it is not
so important to track waves across the domain or where water inertia is
not important e.g., in some flood plain scenarios where the dynamics
evolve slowly over time. In this work, a discretised wave equation is
solved for free surface height, see Eq. (25). Looking at this equation it
can be noticed that the diagonal term becomes dominant when the time
step is small. This enables the Jacobi or multigrid solution method to
converge very rapidly. In fact multigrid methods are hardly needed, and
one or a few multigrid levels with a Jacobi update achieve adequate
convergence of the solution. So, in the case of small time steps, this
approach acts in a similar way to a fully explicit solver. However,
if the Courant number of the free surface wave is greater than one,
such as could occur in deep water, the scheme may remain stable. If
this Courant number is less than 10, say, then only a small number of
multigrid levels would be required to achieve convergence. For larger
Courant numbers, the full power of the multigrid method can be used.
So the implicit wave equation approach provides flexibility in terms of
16 
time step choice without incurring the reduction in speed associated
with an implicit approach over an explicit approach as long as the
multigrid solver is tuned for the problem being solved.

In addition, looking at the balance between the lumped mass term
and the diffusion term on the left-hand side of Eq. (25), it can be noticed
that a consistent mass term starts to emerge from the addition of the
two terms up to a Courant number of 2 based on the free surface wave
speed 𝑐 =

√

𝑔 𝜂. This emergence is due to the fact that a diffusion
operator can be formed from the difference between a lumped mass
and consistent mass matrix, so that, at a Courant number of 2, the
left-hand side matrix of Eq. (25) can be seen as a consistent mass
matrix. After that point, the real power of the implicit approach would
emerge in terms of stability and accuracy. It should also be noted that
the residuals in Eq. (25), as well as Eqs. (22) and (23), can contain
a consistent mass matrix operating on the time term, which enhances
the time accuracy of the approach. This only becomes noticeable when
two or more iterations of the whole system are applied, see Fig. 5.
Generally, two iterations (one predictor step and one corrector step) are
used here to achieve second-order accuracy in time as well as having
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Fig. 18. Carlisle 2005 flooding: (a) the flood extent at the maximum Eden inlet rate (1200 m/s) including the positions and names of the sampling points; (b) the three rivers
and topology of the area being modelled; (c) influx (volume rate of water) into Carlisle area from the Rivers Eden, Petteril and Caldew versus time.
options for consistent time mass matrices.
The model developed in this study can be run on GPUs, and is

capable of using high-order finite elements and semi-implicit or explicit
time integration. Stabilisation is achieved through a Petrov–Galerkin
formulation which reduces the unphysical oscillations that can occur
due to advection processes, shocks, wetting and drying. The result
is an implicit LES model for turbulent flows. Other methods such as
Riemann solvers and Godunov schemes could be implemented within
the NN4PDEs framework, although this was not necessary for the test
cases we chose. The successful validation of NN4PDEs against the
Carlisle flooding in 2005, highlights the potential of this model, which
runs with competitive speed on GPUs and achieves 5 m resolution for a
domain of 4.75 k m by 3.05 k m.

Since neural network models are typically developed using the
same machine-learning library (e.g., PyTorch) they are relatively easy
to integrate, especially if they are exploiting similar neural network
methods such as convolutional neural networks. There are a number
of reasons why one might want to couple neural networks to produce a
single neural network. Some reasons are: (1) Combining Sub-Grid-Scale
models that are based on (trained) neural networks with an NN4PDEs
model (with analytically defined network weights such as the model
used here) to form a single neural network that may have advantages
such as computational speed and differentiability. (2) Being able to
combine NN4PDEs within a neural network to help form more accurate
solutions or conservation of certain key variables (e.g., water depth).
(3) Being able to differentiate the model (form gradients with respect to
17 
controls) so that the model may be used, together with the optimisation
methods also embedded in neural networks, to assimilate data, solve
inverse problems or optimise designs or control problems. (4) Form
priors from AI for data assimilation or design or control problems
based on physically realistic solutions and then optimise within these
priors by coupling the priors to the NN4PDEs model. This might be
useful in order to form initial conditions for a flooding model, for
example. (5) Being able to use the vast array of software available
in AI as well as its capabilities, e.g., mixed arithmetic for increased
speed. (6) Being able to integrate different AI models together with
relative ease compared with existing problems is particularly important
for integrating different types of physics.

5. Conclusions and future work

We present a new FEM-based method for solving the Shallow Water
Equations (SWEs) which uses a non-linear Petrov–Galerkin scheme for
stabilisation. The numerical discretisation is written as a convolutional
neural network (CNN) in which the weights are determined by the
discretisation itself and not through training. This approach is referred
to as NN4PDEs and has previously been applied to single-phase flow,
multiphase flow, neutron diffusion and Boltzmann transport problems.
Our focus here is the validation of the approach for solving SWEs, as
well as investigating benchmark problems with analytical solutions,
laboratory experiments, and real-life flooding events.
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Fig. 19. Numerical prediction of water depth versus time using linear and quadratic ConvFEM discretisations. Time histories are shown at the sampling points (shown in Fig. 18(a)).
A comparison is made with results from TRITON, obtained by Morales-Hernández et al. (2021), indicated by black lines. Grey circles represent the observations taken at the three
gauges located at Sheepmount, Botcherby Bridge and Denton Holme.
For the circular dam break problem, we compare the NN4PDEs
results with the analytical solution, showing that quadratic elements
result in a more accurate solution than linear elements, but that cubic
and quartic elements can lead to an oscillatory solution. We also show
that for Courant numbers up to 1, a fully explicit solver is capable
of stable results. For Courant numbers larger than this, having an
implicit scheme for the free surface height is required to obtain a
stable solution. Jacobi iterations were found to be sufficient to solve
the implicit scheme. The effect of mass lumping was also investigated
and was shown to have little impact on mass conservation.

The triangular-shaped hill demonstrates that NN4PDEs can model
wetting and drying, and the results compare very well with data
from a laboratory experiment. The floodplain test case presents a
scenario involving with substantial wetting, particularly relevant for
the modelling of fluvial and coastal inundation that can arise from
embankment breaches. Results obtained from NN4PDEs agree well with
other computational results from the literature. Finally, the Carlisle
flooding event of 2005 is a real-world test case on which to demonstrate
NN4PDEs. The results showed close agreement with another computer
simulation and with measurements of water depth taken at three
gauges.
18 
Broadly speaking, the NN4PDEs approach generates results that
compare favourably with analytical solutions, other numerical results
and real data. The models presented here were run on one GPU, but
the code could be run on multiple GPUs or AI processors, in case of
the latter, we would expect to see a significant speed-up. A variable
resolution code will be developed to have high resolution where needed
and to coarsen the grid in areas that are less affected by the flood. The
code will be parallelised to run the model on multiple GPUs.

Key limitations of the present work are: (1) The need to use struc-
tured grids with uniform grid spacing. This will be relaxed, in future
work, by having regions (subdomains) of higher resolution and other
regions of lower resolution. We are also developing a version of this
approach which uses fully unstructured FEM meshes that allow greater
flexibility in resolution (Li et al., 2024). (2) The 2D nature of the
SWE model precludes the resolution of non-hydrostatic effects (vertical
inertia) that may be important in fast deep water or around objects.
This may be overcome in future work by using 3D NN4PDEs flood
models, and will also enable the easy coupling of drainage systems and
the air flow above the flood even including rain and cloud formation.
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Fig. 20. Spatial variation of water depth in the flooded area after 14, 28, 42 and 56 h as predicted by linear (left) and quadratic (right) ConvFEM models.
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Fig. 21. Spatial variation of water speed in the flooded area after 14, 28, 42 and 56 h as predicted by linear (left) and quadratic (right) ConvFEM models.
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Fig. 22. Focusing on two areas in the Carlisle domain, and comparing the linear and quadratic ConvFEM simulation water depths at 42 h into the flooding event.
CRediT authorship contribution statement

Boyang Chen: Writing – review & editing, Supervision, Software,
Methodology. Amin Nadimy: Writing – review & editing, Software,
Methodology. Claire E. Heaney: Writing – review & editing, Writ-
ing – original draft, Supervision, Software, Methodology. Moham-
mad Kazem Sharifian: Writing – review & editing, Supervision, Re-
sources. Lluis Via Estrem: Writing – review & editing, Supervision,
Resources. Ludovico Nicotina: Writing – review & editing, Supervi-
sion, Resources. Arno Hilberts: Writing – review & editing, Super-
vision, Resources. Christopher C. Pain: Writing – review & editing,
Writing – original draft, Software, Methodology, Funding acquisition,
Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgements

The authors would like to acknowledge the following EPSRC grants:
WavE-Suite, ‘‘New Generation Modelling Suite for the Survivability of
Wave Energy Convertors in Marine Environments’’ (EP/V040235/1);
the PREMIERE programme grant, ‘‘AI to enhance manufacturing, en-
ergy, and healthcare’’ (EP/T000414/1); INHALE, ‘‘Health assessment
across biological length scales’’ (EP/T003189/1); AI-Respire, ‘‘AI for
personalised respiratory health and pollution (EP/Y018680/1); ECO-AI,
‘‘Enabling CO2 capture and storage using AI’’ (EP/Y005732/1). Support
for CEH from Imperial-X’s Eric and Wendy Schmidt Centre for AI in
Science (a Schmidt Sciences programme) is gratefully acknowledged.

Appendix A. Non-linear Petrov–Galerkin method for the velocity
components and the free surface height field

The approach outlined here finds the minimum of three diffusion
coefficients, calculated for each field, from non-linear Petrov–Galerkin
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methods as described in Donéa (2003, page 185, final two equations).
We choose the minimum in order to affect the discretisation as little
as possible. Suppose that 𝜳 𝑛+ 1

2 is either a velocity component (either
𝒖𝑛+

1
2 or 𝒗𝑛+

1
2 ) or the depth field 𝜼𝑛+

1
2 . Defining 𝜳

𝑛+ 1
2

𝒙 = 𝒇 (𝜳 𝑛+ 1
2 ;𝐰𝐱)

and 𝜳
𝑛+ 1

2
𝒚 = 𝒇 (𝜳 𝑛+ 1

2 ;𝐰𝐲), the first diffusion coefficient is calculated as
follows:

𝒌
𝑛+ 1

2
𝜳 𝒂𝒃𝒔 = 𝛼𝑘𝑎𝑏𝑠|𝒂

𝑛+ 1
2

𝜳 |⊙𝜳
𝑛+ 1

2 ⊘ (𝜖𝑘𝟏 +
1
2
(|𝜳

𝑛+ 1
2

𝒙 | + |𝜳
𝑛+ 1

2
𝒚 |)) , (A.1)

with 𝜳
𝑛+ 1

2 = (𝛥𝑥|𝜳 𝑛+ 1
2

𝒙 | + 𝛥𝑦|𝜳
𝑛+ 1

2
𝒚 |)⊘ (𝜖𝑘𝟏 + |𝜳

𝑛+ 1
2

𝒙 | + |𝜳
𝑛+ 1

2
𝒚 |) , (A.2)

where | ⋅ | indicates that the modulus is applied to all entries in the
tensor and 𝒂

𝑛+ 1
2

𝜳 is a residual or error associated with the advection
terms. Here, for simplicity, a mixed mass approach is used,

𝒂
𝑛+ 1

2
𝜳 = 𝛼𝑎𝒇

(

𝒖𝑛+
1
2 ⊙ 𝒇 (𝜳 𝑛+ 1

2 ;𝐰𝐱) + 𝒗𝑛+
1
2 ⊙ 𝒇 (𝜳 𝑛+ 1

2 ;𝐰𝐲); 𝑚𝑙
−1𝐰𝐦 − 𝐈

)

,

(A.3)

where 𝑚𝑙 = 𝛥𝑥𝛥𝑦 is the lumped mass and thus 𝑚−1
𝑙 = 1

𝛥𝑥𝛥𝑦 , 𝐰𝐦 is
the consistent mass filter associated with the finite element matrices
and 𝐈 is the identity filter (on multiplication of a tensor results in the
same vector). If the grid sizes in 𝑥 and 𝑦 are equal (𝛥𝑥 = 𝛥𝑦) and
constant, Eq. (A.2) can be simply replaced with 𝜳

𝑛+ 1
2 = 𝛥𝑥𝟏 in which

𝟏 is the tensor containing all ones. To prevent the diffusion coefficient
from becoming too large, 𝜖𝑘 is set to a small value. Here, we choose
𝜖𝑘 = 10−7. The second diffusion coefficient is given by

𝒌
𝑛+ 1

2
𝜳 𝒔𝒒 𝒖𝒂𝒓𝒆 = 𝛼𝑘𝑠𝑞 𝑢𝑎𝑟𝑒(𝒂

𝑛+ 1
2

𝜳 ⊙ 𝒂
𝑛+ 1

2
𝜳 )⊙𝜳

𝑛+ 1
2 ⊘

(

𝜖𝑘𝟏 +
1
2
(|𝒖𝑛+

1
2 ⊙ 𝜳

𝑛+ 1
2

𝒙 | + |𝒗𝑛+
1
2 ⊙ 𝜳

𝑛+ 1
2

𝒚 |)

× (𝜳𝒙
𝑛+ 1

2 ⊙ 𝜳𝒙
𝑛+ 1

2 + 𝜳 𝒚
𝑛+ 1

2 ⊙ 𝜳 𝒚
𝑛+ 1

2 )
)

. (A.4)

The coefficients 𝛼𝑘𝑎𝑏𝑠 and 𝛼𝑘𝑠𝑞 𝑢𝑎𝑟𝑒 are defined as 𝛼𝑘𝑎𝑏𝑠 = 1
8×2p and

𝛼𝑘𝑠𝑞 𝑢𝑎𝑟𝑒 = 8
2p respectively, where p is the polynomial order of the

finite element expansion, i.e., p = 1 for linear 3 × 3 filters, p = 2
for quadratic 5 × 5 filters and so on. The coefficient 𝛼𝑎 is determined
heuristically and was set to the value 2 here. The diffusion coefficient
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Table B.3
A diagram showing how stages 1, 2 and 3 (resulting from segregating the coupled
equations), fit within the predictor–corrector method for time level 𝑛 + 1. Here, we
show two corrector steps. The variables on the left are what is being solved for and
the variables on the right are the best guess used in the calculations. Solutions at the
revious time levels are also needed (ℎ𝑛, 𝑢𝑛 and 𝑣𝑛). The figures in parentheses indicate
he iteration index.

Solve for Based on

ℎ 𝒒 ℎ 𝒒

Time level 𝑛 + 1

Predictor
Stage 1 𝒒̃𝑛+1,(1) ℎ𝑛+1,(0) 𝒒𝑛+1,(0)

Stage 2 ℎ𝑛+1,(1) ℎ𝑛+1,(0) 𝒒̃𝑛+1,(1)

Stage 3 𝒒𝑛+1,(1) ℎ𝑛+1,(1) 𝒒̃𝑛+1,(1)

Corrector
Stage 1 𝒒̃𝑛+1,(2) ℎ𝑛+1,(1) 𝒒𝑛+1,(1)

Stage 2 ℎ𝑛+1,(2) ℎ𝑛+1,(1) 𝒒̃𝑛+1,(2)

Stage 3 𝒒𝑛+1,(2) ℎ𝑛+1,(2) 𝒒̃𝑛+1,(2)

Corrector
Stage 1 𝒒̃𝑛+1,(3) ℎ𝑛+1,(2) 𝒒𝑛+1,(2)

Stage 2 ℎ𝑛+1,(3) ℎ𝑛+1,(2) 𝒒̃𝑛+1,(3)

Stage 3 𝒒𝑛+1,(3) ℎ𝑛+1,(3) 𝒒̃𝑛+1,(3)

should not exceed the stability criteria for the explicit treatment of
iffusion (Wood, 1990), hence, the third diffusion coefficient is

𝒌
𝑛+ 1

2
𝒎𝒂𝒙 =

𝛥𝑥𝛥𝑦
4𝛥𝑡

𝟏 , (A.5)

which has the same value for all three fields. Thus the diffusion
oefficient for each field is given by:

𝒌
𝑛+ 1

2
𝜳 = 𝜌𝛹 min{𝒌

𝑛+ 1
2

𝒎𝒂𝒙 , 𝒌
𝑛+ 1

2
𝜳 𝒂𝒃𝒔, 𝒌

𝑛+ 1
2

𝜳 𝒔𝒒 𝒖𝒂𝒓𝒆} + 𝜇𝛹𝟏, (A.6)

r 𝑘𝛹
𝑛+ 1

2
𝑖,𝑗 = 𝜌𝛹 min{𝑘

𝑛+ 1
2

𝑚𝑎𝑥 𝑖,𝑗 , 𝑘
𝑛+ 1

2
𝛹 𝑎𝑏𝑠 𝑖,𝑗 , 𝑘

𝑛+ 1
2

𝛹 𝑠𝑞 𝑢𝑎𝑟𝑒 𝑖,𝑗} + 𝜇𝛹 , (A.7)

where 𝑖 and 𝑗 identify the node. Note the dynamic viscosity or diffusiv-
ty could define 𝜇𝛹 (although here 𝜇𝛹 = 0 is used). Also, when 𝜳 𝑛+ 1

2 is
one of the velocity components then 𝜌𝛹 = 1

𝑔 , but when 𝜳 𝑛+ 1
2 represents

he water depth, 𝜌𝛹 = 1.

Appendix B. Derivation of corrections for velocity and free surface
eight

During one iteration of the solution procedure for one time level,
hree equations are solved. First, we will solve for velocity (stage 1).

From this, we solve for the free surface height (stage 2) and we then
solve for a correction to velocity based on the latest value of free surface
height.

In this section we derive the equations used in stages 2 and 3, using
notation associated with the time discretised system, because we form
the equations in the continuum and then discretise in space (see main
text for the spatial discretisation). Table B.3 shows the notation used
n the iterative process of the predictor–corrector algorithm, indicating
he variables solved for at a particular stage and the variables that are
sed in the calculation. The tilde sign over the velocity indicates a first
pproximation to this variable (calculated in stage 1), which will be
orrected (in stage 3) based on the updated free surface height, at which
oint the tilde sign is omitted.

Suppose we have the solution for time level 𝑛 and wish to solve
for the next time level. Assuming a general predictor–corrector method
with multiple iterations, PE(CE)𝑀 where 𝑀 > 1, the variables at the
beginning of a time level are initialised as follows:

𝑢𝑛+1,(0) = 𝑢𝑛 , 𝑣𝑛+1,(0) = 𝑣𝑛 , ℎ𝑛+1,(0) = ℎ𝑛 . (B.1)

Suppose also that we have applied 𝑚− 1 iterations thus far and wish to
olve for the 𝑚th iteration. To obtain an approximation to the velocity
stage 1), the following equation is solved

𝜌𝑔

(

𝒒̃𝑛+1,(𝑚) − 𝒒𝑛

𝛥𝑡
+ 𝑢𝑛+

1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑥 + 𝑣𝑛+
1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑦

)

+ 𝜎𝑛+1,(𝑚−1)𝑞 𝒒̃𝑛+1,(𝑚)

= −1∇(ℎ𝑛 + ℎ𝑛+1,(𝑚−1)) ,

(B.2)
2
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where 𝑢𝑛+
1
2 = 1

2

(

𝑢𝑛 + 𝑢𝑛+1,(𝑚−1)
)

, similarly for 𝑣𝑛+
1
2 and 𝒒𝑛+

1
2 ≡

(𝑢𝑛+
1
2 , 𝑣𝑛+ 1

2 )𝑇 and in which 𝜎𝑛+1,(𝑚−1)𝑞 = 𝜎𝑞(𝑞𝑛+1,(𝑚−1), 𝜂𝑛+1,(𝑚−1)). Note
hat the term involving bed friction is treated implicitly. At the end
f the iteration, the free surface height (stage 2) and corrected velocity

(stage 3) will satisfy

𝜌𝑔

(

𝒒𝑛+1,(𝑚) − 𝒒𝑛

𝛥𝑡
+ 𝑢𝑛+

1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑥 + 𝑣𝑛+
1
2
𝜕𝒒𝑛+

1
2

𝜕 𝑦

)

+ 𝜎𝑛+1,(𝑚−1)𝑞 𝒒̃𝑛+1,(𝑚)

= −1
2
∇(ℎ𝑛 + ℎ𝑛+1,(𝑚)) ,

(B.3)

where the advection terms and 𝜎𝑛+1𝑞 are calculated as in Eq. (B.2),
eaning that the term involving bed friction is no longer fully implicit.
y subtracting Eq. (B.2) from (B.3), we obtain the velocity correction

equation:

𝜌𝑔

(

𝒒𝑛+1,(𝑚) − 𝒒̃𝑛+1,(𝑚)

𝛥𝑡

)

= −1
2
∇(ℎ𝑛+1,(𝑚) − ℎ𝑛+1,(𝑚−1)) , (B.4)

which is solved in stage 3. The divergence of this equation is:
𝜌𝑔

(

∇ ⋅ 𝒒𝑛+1,(𝑚) − ∇ ⋅ 𝒒̃𝑛+1,(𝑚)

𝛥𝑡

)

= −1
2
∇ ⋅ ∇(ℎ𝑛+1,(𝑚) − ℎ𝑛+1,(𝑚−1)). (B.5)

Eq. (4), which describes the free surface height, can be expanded as
follows:

ℎ𝑛+1,(𝑚) − ℎ𝑛

𝛥𝑡
+ 1
2
𝜂𝑛+

1
2 ∇ ⋅𝒒𝑛+1,(𝑚)+ 1

2
𝜂𝑛+

1
2 ∇ ⋅𝒒𝑛+ (∇𝜂𝑛+ 1

2 ) ⋅ 𝒒̃𝑛+
1
2 −𝑠𝑛+1ℎ = 0 ,

(B.6)

where 𝑢̃𝑛+
1
2 = 1

2

(

𝑢𝑛 + 𝑢̃𝑛+1,(𝑚)
)

, similarly for 𝑣𝑛+
1
2 . Upon rearranging,

Eq. (B.6) becomes:

∇ ⋅ 𝒒𝑛+1,(𝑚)

= − 1
1
2 𝜂

𝑛+ 1
2

(

ℎ𝑛+1,(𝑚) − ℎ𝑛

𝛥𝑡
+ 1

2
𝜂𝑛+

1
2 ∇ ⋅ 𝒒𝑛 + (∇𝜂𝑛+ 1

2 ) ⋅ 𝒒̃𝑛+
1
2 − 𝑠𝑛+1ℎ

)

.

(B.7)

Substituting the expression for ∇ ⋅ 𝒒𝑛+1,(𝑚) from Eq. (B.7) into Eq. (B.5),
e obtain:

− 1
2
∇ ⋅ ∇(ℎ𝑛+1,(𝑚) − ℎ𝑛+1,(𝑚−1))

= − 𝜌𝑔
1
2𝛥𝑡𝜂

𝑛+ 1
2

(

ℎ𝑛+1,(𝑚) − ℎ𝑛

𝛥𝑡
+ 1

2
𝜂𝑛+

1
2 ∇ ⋅ (𝒒𝑛 + 𝒒̃𝑛+1,(𝑚))

+ (∇𝜂𝑛+ 1
2 ) ⋅ 𝒒̃𝑛+

1
2 ,(𝑚) − 𝑠𝑛+1ℎ

)

.

(B.8)

By using 𝒒̃𝑛+
1
2 ,(𝑚) = 1

2 (𝒒
𝑛 + 𝒒̃𝑛+1,(𝑚)) and defining 𝛥ℎ𝑛+1,(𝑚) ∶= ℎ𝑛+1,(𝑚) −

ℎ𝑛+1,(𝑚−1):

− 1
2
∇ ⋅ ∇𝛥ℎ𝑛+1,(𝑚) = − 𝜌𝑔

1
2𝛥𝑡𝜂

𝑛+ 1
2

×
(

ℎ𝑛+1,(𝑚) − ℎ𝑛

𝛥𝑡
+ ∇ ⋅ (𝜂𝑛+

1
2 𝒒̃𝑛+

1
2 ,(𝑚)) − 𝑠𝑛+1ℎ

)

. (B.9)

Rearranging and subtracting a term involving ℎ𝑛+1,(𝑚−1) to both sides of
the equation results in:

− 1
2
∇ ⋅ ∇𝛥ℎ𝑛+1,(𝑚) +

𝜌𝑔
1
2𝛥𝑡𝜂

𝑛+ 1
2

(

ℎ𝑛+1,(𝑚) − ℎ𝑛+1,(𝑚−1)

𝛥𝑡

)

= − 𝜌𝑔
1
2𝛥𝑡𝜂

𝑛+ 1
2

(

ℎ𝑛+1,(𝑚−1) − ℎ𝑛

𝛥𝑡
+ ∇ ⋅ (𝜂𝑛+

1
2 𝒒̃𝑛+

1
2 ,(𝑚)) − 𝑠𝑛+1ℎ

)

.

(B.10)

Thus, simplifying this equation, the final wave equation is obtained,
(

−∇ ⋅ ∇ + 4𝜌𝑔
𝑛+ 1

)

𝛥ℎ𝑛+1,(𝑚)
(𝛥𝑡)2𝜂 2
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Fig. C.23. Numerical prediction of water depth at 9 ConvFEM nodes nearest to the bus depot in the Carlisle test case (using the quadratic ConvFEM discretisation).
Fig. C.24. Numerical prediction of water depth at 9 ConvFEM nodes nearest to Water mark 5 in the Carlisle test case (using the quadratic ConvFEM discretisation).
= − 4𝜌𝑔

𝛥𝑡𝜂𝑛+
1
2

(

ℎ𝑛+1,(𝑚−1) − ℎ𝑛

𝛥𝑡
+ ∇ ⋅ (𝜂𝑛+

1
2 𝒒̃𝑛+

1
2 ,(𝑚)) − 𝑠𝑛+1ℎ

)

, (B.11)

the solution of which can be used to update the free surface height:
ℎ𝑛+1,(𝑚) = ℎ𝑛+1,(𝑚−1) + 𝛥ℎ𝑛+1,(𝑚).

Thus, given an approximation to the velocity calculated at the
beginning of an iteration (stage 1), the free surface height can be
calculated by solving Eq. (B.11). This value can be used to calculate
the correction for the velocity given by Eq. (B.4).

Appendix C. Uncertainty in predicting water depth readings in
carlisle flooding

A 3 × 3 array of sensors comprising of the 9 nearest ConvFEM nodes
(with a uniform spacing of 𝛥𝑥 = 5 m) are deployed at two locations,
to investigate the uncertainty in water depth readings. The locations
considered are the bus depot, where there is a steep bathymetry gradi-
ent, and Water mark 5, where the gradient is minimal. The variation
in water depth predicted at the array of sensors in the vicinity of the
bus depot (Fig. C.23) is much larger than that seen at Water mark 5
(Fig. C.24). At the bus depot, the predictions can vary by up to 2.5 m
whereas at water mark 5, the variation in depth is about 0.5 m. Thus,
the substantial difference (over 1 m) between the predicted water depth
of the different models shown in Fig. 19 is attributed to the steep
bathymetry.

Data availability

NN4PDEs is implemented using PyTorch and is available from
GitHubRepository.
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